This study focuses on the steady-state periodic response of supercritically transporting viscoelastic beams. In the supercritical speed range, forced vibrations are investigated for traveling beams via the multiscale analysis with a numerical confirmation. The forced vibration is excited by the spatially uniform and temporally harmonic vibration of the supporting foundation. A nonlinear integro-partial-differential equation is used to determine steady responses. The straight equilibrium configuration bifurcates in multiple equilibrium positions at supercritical translating speeds. The equation is cast in the standard form of continuous gyroscopic systems via introducing a coordinate transform for nontrivial equilibrium configuration. The natural frequencies and modes of the supercritically traveling beams are analyzed via the Galerkin method for the linear standard form with space-dependent coefficients under the simply supported boundary conditions. Based on the natural frequencies and modes, the method of multiple scales is applied to the governing equation to determine steady-state responses. To confirm results via the method of multiple scales, a finite difference scheme is developed to calculate steady-state response numerically. Quantitative comparisons demonstrate that the approximate analytical results have rather high precision. Numerical results are also presented to show the contributions of foundation vibration amplitude, viscoelastic damping, and nonlinearity to the response amplitude for the first and the second mode.
Introduction
The class of traveling continua encompasses such apparently diverse mechanical systems as high-speed magnetic and paper tapes, elevator cables, power transmission band, aerial cable tramways, and pipes that contain fluid [1] [2] [3] . The transporting flexible string and the transporting tensioned Euler-Bernoulli beam are the most prototypical model of these traveling systems. If the bending stiffness must be accounted, these systems can be modeled as transporting beams. Therefore, the related investigations of transporting beams are requisite for optimal design of a broad class of traveling devices. Meanwhile, transporting beam is a typical gyroscopic continuum because the governing equations contain a term of the mixed partial derivative with respect to the space and the time coordinates. The related investigations also have theoretical significance.
Many transporting systems in industry are moving at high speed. For example, in paper production the paper tapes are transported with longitudinal speeds of up to 3000 m/min [4] . The transport speed greatly affects the dynamic behavior of the traveling systems. At the critical speed, the first frequency of the system becomes zero and the translating element experiences divergence-type instability. The fundamental role of nonlinearity for supercritical systems has been widely ascertained. In 1992, Wickert [5] studied the nonlinear vibration of supercritically traveling tensioned beams and pointed out one of shortcomings of the linear theory is nontrivial equilibria bifurcate from the straight configuration. Hwang and Perkins [6, 7] derived a nonlinear model for the planar motion of an axially moving beam for the initial beam curvature, and the model was solved in the supercritical speed regime. The solutions illustrated the failure of the linear theory in the supercritical region. Ravindra and Zhu [8] and Parker [9] , respectively, discussed phenomena of instability for moving beams and strings above the first critical speed. Pellicano and Vestroni focused on exploring the dynamic behavior of a traveling beam subjected to an axial transport of mass [10] and a transverse load [11] in the supercritical velocity range, and the authors pointed out that the centrifugal term is responsible for pitchfork bifurcation. In the above-mentioned works, the straight configuration experiencing divergence instability at critical speed is analogous to a buckled beam problem [12] . In order to study the dynamic behavior, Wickert [5] cast governing equation into the standard form of continuous gyroscopic systems via introducing a coordinate transform for nontrivial equilibrium configuration. Based on the standard form, Ding and Chen [13] investigated the natural frequencies of an axially supercritically moving beam. Viscoelasticity is an effective approach to model the damping mechanism and the modeling of damping factors is an important research topic for vibration of transporting beams [14] . But the problem of the viscoelasticity effect has not been addressed in the supercritical regime.
The direct multiple-scale method is a powerful tool for dealing with dynamical problems for gyroscopic continua. It has been widely used to study free, forced, and parametric vibration phenomena for traveling materials. Based on the direct multiple-scale method, Mockensturm and Guo [15] investigated nonlinear parametric vibration of viscoelastic axially moving strings. Zhang and Zu studied nonlinear free vibration [16] and parametric vibration [17] of viscoelastic moving belts. Chen et al. [18] modeled the nonlinear oscillations of viscoelastic moving belts, and Zhang and Yao [19] and Chen et al. [18] studied nonlinear parametric vibration. Marynowski and Kapitaniak investigated nonlinear vibrations of an axially moving viscoelastic beam [20] with time-dependent tension. Ö z et al. [21] and Pakdemirli and Ö z [22] studied nonlinear vibration of axially moving beams with time-dependent velocity. Chen 1 and Yang investigated nonlinear free vibration [23] and forced vibration [24] . Ghayesh and Balar studied nonlinear parametric vibration of axially moving Rayleigh beams [25] and Timoshenko beams [26] , and Sandilo and van Horssen [27] considered an axially moving beam with boundary damping.
To the authors' best knowledge, in previous work on traveling materials, only Wickert [5] calculated the supercritical fundamental natural frequency for axially moving beams with space-dependent coefficients. Besides, there was no approximate analytical approach to deal with space-dependent coefficients for steady-state response of gyroscopic continua.
The numerical approaches were applied to investigate nonlinear vibration of traveling beams including the first order Galerkin discretization [8] , two-term Galerkin method [28] , three-term Galerkin truncation [18] , four-term Galerkin method [29] , and the eight-term Galerkin method [13] . Chen and Yang pointed out that the number of terms retained in the Galerkin truncation for gyroscopic continua should be even [29] . Pellicano and Vestroni [11] performed a convergence test on the Galerkin method and proved that the difference becomes small when the term is bigger than four. Ding and Chen argued that the four-term Galerkin truncation yields rather accurate results for axially moving beams with the simply supported boundary conditions [13] , and eight-term Galerkin truncation for the fixed boundary conditions [30] . In the present paper, the eight-term Galerkin method will be used to analyze the natural frequencies and modes for the linear standard form with space-dependent coefficients. Based on the frequencies and modes, the method of multiple scales is applied to determine steady-state responses of a supercritically transporting viscoelastic beam with transverse external load.
Chen and Ding [31, 32] developed a finite difference scheme and a differential quadrature scheme, respectively, investigated the steady-state transverse response in coupled planar vibration and the transverse vibration of axially moving viscoelastic beams under the critical traveling speed. They also investigated the nontrivial equilibria [33] of axially moving beams via a finite difference scheme. Guo and Wang derived the eigenequation for the thermoelastic coupling vibration of the axially moving beam with frictional contact by the differential quadrature method [34] . In the present work, a finite difference scheme is used to calculate stable steady-state response numerically to confirm results via the method of multiple scales.
The present paper is organized as follows. Section 2 establishes the governing equation. Section 3 develops the Galerkin truncation schemes to solve the natural frequencies and modes and develops the multiple scales schemes to determine the steady-state responses. Section 4 presents the numerical results of the method of multiple scales. Section 5 determines the stability of the steady-state response. Section 6 develops a finite difference scheme to confirm those approximate analytical results. Section 7 ends the paper with the concluding remarks.
Governing Equation
Transporting tensioned beams is studied by means of the EulerBernoulli beam model with simply supported boundary conditions, where the nonlinear coupling between longitudinal and transversal displacement fields is accounted for. Under the quasi-static stretch assumption, the transverse motion can be decoupled from the longitudinal motion so that a nonlinear integro-partial-differential model is obtained to govern the transverse motion. The viscoelastic material of the beam obeys the Kelvin model. For this model, the nondimensional equation of motion reads as [31] 
with the simply supported boundary conditions
where a comma preceding x or t denotes partial differentiation with respect to x or t. The dimensionless quantities are as follows:
whereũ is the transverse displacement field,t is the time,x is the spatial coordinate along the axis of the beam,c is the constant axial speed of travel between two motionless ends separated by distance l, q is the density, I is the moment of inertial, E is the Young's modulus, P 0 is the initial tension, A is the cross-sectional area, g is the dynamic viscosity,b andx are, respectively, the amplitude and the frequency of the external excitation subjected to the beam, and x 2 0; 1 ½ , t > 0. As k 1 represents the effect of nonlinearity, it is called the nonlinear coefficient.
In the supercritical transport speed regime, the trivial equilibrium positionû x ð Þ ¼ 0; x 2 0; 1 ½ becomes unstable and bifurcates in multiple equilibrium positions. Analytical formulas for the nontrivial equilibrium solutions of Eq. (1) and critical speeds are available [5, 33] 
where c > c i ð Þ . Here we only show the results of
where
3 Multi-Scale Analysis
The method of multiple scales will be employed to Eq. (6). To study the near-and exact-resonant response, a detuning parameter r with a small dimensionless parameter e is introduced to quantify the deviation of x from the nth natural frequency x n , and x is described by
At present, only small vibrations near the maximum equilibrium are researched. n ¼ 1, 2 will be considered in the present paper. Introducing e 1 v, e 2 a, and e 3 b instead of v, a, and b in Eq. (6), respectively [35] , and introducing three time scales
where T 0 is the usual fast scale characterizing motions occurring at x n , T 1 is a slow scale and T 2 is a slower scale characterizing the modulation of the amplitudes and phases due to viscoelasticity and possible resonance. One assumes an expansion of dimensionless displacement [35] 
Substituting Eqs. (8)- (10) into Eq. (6), and then equating coefficients e 1 , e 2 , and e 3 in the resulting equation, one obtains
3.1 Natural Frequency and Mode. The modal solution to Eq. (11) can be expressed as [5] 
where Y n denotes complex functions to be determined later, u n is the nth modal function of the system, x n is the nth natural frequency of the system, and cc stands for complex conjugate of the preceding term. Substituting Eq. (15) into Eq. (11) yields
The Galerkin method will be used to determine the natural frequency x n and the modal function u n numerically. Purpose that the modal function u n takes the form
where C nk is a set of complex numbers to be determined, sin(kpx) is a set of the trial functions satisfying the boundary condition Eq. (2) , and N stands for the total number of terms. In the present investigation, like in the previous works [13, 29] , both the trial and weight functions are chosen as the eigenfunctions of linear nontranslating beam under the boundary condition Eq. (2). After insetting Eq. (17) into Eq. (16), multiplying by sin(mpx), m ¼ 1,2,…,N, for both sides of the equation, then integrating over the domain [0,1], the Galerkin procedure leads to
where m ¼ 2,3,…,N. Equation (18) can be rewritten in matrixvector form as
For a nontrivial solution to Eq. (19) , the determinant of the coefficient matrix must be zero; therefore, the natural frequencies x n can be obtained from
which is completely the same as that in Ref. [13] . In the following work, one supposes C n1 ¼ 1 for convenience's sake. So the nth modal function u n takes the form
c nk sinðkpxÞ (22) where c nk (k ¼ 2,3,…,N) can be determined from Eq. (19) after x n is obtained. For the modal function given by Eq. (22) , it can be verified numerically that Im c n 2kÀ1
Substituting Eq. (15) into Eq. (12) yields
The solution to Eq. (24) can be expressed as
where 2x n is far away from any natural frequency of the system, / n1 x ð Þ and / n2 x ð Þ are complex functions that remain to be determined and satisfy
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The Galerkin method will be used to determine the modal function / n1 and / n2 numerically. Under the boundary condition Eq. (2), the solutions to Eqs. (26) and (27) can be expanded into the following expressions:
where the q n1k and q n2k are complex numbers to be determined, and sin(kpx) is the kth trial function. Substitution of Eq. (28) into Eq. (27) yields
If sin(mpx) is chosen as the mth weighting function, substitution of Eq. (28) into Eq. (26) 
where m ¼ 2,3,…,N. For a set of given parameters k f , k 1 , and c, the complex functions / n1 x ð Þ and / n2 x ð Þ can be determined from Eqs. (29) and (30) . The following results can be deduced from Eqs. (23), (29) and (30):
3.2 Steady-State Response. Substituting Eq. (15) and Eq. (25) into Eq. (13) yields
where cc and NST denote complex conjugates and nonsecular terms, respectively, and the dot denotes derivation with respect to the slow time variable T 2 . The solvability condition requires the orthogonal relationship
where the inner product is defined for complex functions f(x) and
Application of the distributive law of the inner product to Eq. (33) leads to
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Transactions of the ASME These coefficients are determined by the modal parameters calculated from Eqs. (22) and (28) . It is numerically verified that these four variables are all real and positive. Express the solution to Eq. (35) in the polar form
where a n (T 2 ) and b n (T 2 ) are, respectively, the amplitude and the phase angle of the response in the n-th principal parametric resonance, which depends on the slow time variable T 2 . Substitutions of Eq. (37) into Eq. (35) and separation of real and imaginary parts in the resulting equation yields
For steady-state periodic response, the amplitude a n and the new phase angle h n in Eq. (38) should be constant. Hence elimination of h n from Eq. (38) leads to the relation between the steady-state amplitude response and the detuning parameter for the n-th mode al n a n ð Þ 2 þ k n a n r þ 1 4
Eq. (40) defines a response curve. Observing the curve, one can determine the effects of the nonlinear coefficient k 1 , the excitation amplitude b, and the viscoelastic coefficient a on the relation between the steady-state amplitude response and the detuning parameter. Substituting Eqs. (15), (37), and (39) into Eq. (10) yields
Eq. (41) indicates that the steady-state periodic responses exist in transverse vibration under the periodic transverse loads. Resonance occurs if the external load frequency approaches the natural frequencies of the corresponding nonlinear elastic system in the supercritical regime.
Analytical Results
In all the following numerical examples, the authors consider the steady-state periodic responses of the beam center, A n 0:5; r ð Þ. Consider a steel beam with modulus of elasticity E ¼ 2. (22) and (28), respectively, developed by two-term Galerkin truncation, four-term Galerkin truncation, and eight-term Galerkin truncation. The response curves of the multiscale method are shown in Fig. 1 , where the dash lines are for two-term Galerkin truncation results, the dots are for four-term Galerkin truncation results, and the solid lines are for eight-term Galerkin truncation. For the first resonance, the results based on two-term Galerkin truncation are bigger than the four-term ones and the eight-term ones, while the results of the second resonance are smaller. It is clearly indicated in Fig. 1 that the modal functions via the two-term Galerkin method is not good enough for the multiscale method for the steady-state responses of traveling beams under the simply supported condition in the supercritical regime and the four-term Galerkin method yields rather accurate results. There are almost no differences among this conclusion and the conclusion reached under the natural frequencies in Ref. [13] , and the conclusion reached under time histories and spectra in Ref. [11] in the supercritical regime.
In the following calculations, the modal functions are numerically calculated based on eight-term Galerkin truncation. The dependence of steady responses of the first two resonances on system parameters, including excitation amplitude, viscoelastic coefficient, and nonlinear coefficient, are respectively displayed in Figs. 2-4 , where the axial speed c ¼ 4.0, the flexural stiffness k f ¼ 0.8. Figure  2 have a considerable effect on the dynamic behavior of the system. With the growth of k 1 , the amplitude-frequency response curves in the first resonance bends much to the left, while the response amplitude in the second resonance is much less sensitive to the nonlinear coefficient. In Ref. [31] , Chen and Ding show that the contributions of excitation amplitude, nonlinear terms, and the viscoelastic coefficient in the steady-state transverse response in coupled planar vibration of transporting viscoelastic beams under the critical traveling speed. Compared with the results of subcritical beams, the steadystate responses amplitude under the periodic transverse loads is more sensitive to the dynamic viscosity in the supercritical regime.
Stability Analysis
Those modes generated by eight-term Galerkin method are devoted to stability analysis. Just like the stability analysis for subcritical moving beams [24] , the stability of the steady-state response can be determined by Eq. (38) on the condition that a n = 0. The Jacobian matrix of the right-hand functions of Eq. (38), calculated at the fixed point defined by Eq. (40), is
The characteristic equation of the Jacobian matrix Eq. (44) is
where r is the eigenvalue. Based on the Routh-Hurwitz criterion, the real parts of all roots to Eq. (45) are negative if al
Due to the Lyapunov stability theory, the stability of a nonlinear system coincides with that of its linearized system. Thus, the steady-state response is stable if the condition Eq. (46) is satisfied. Hence the instability boundary can be determined by
Equation (46) shows that the instability fields have no relation to the amplitude of the external excitation. Hence, the responses will be stabile if the excitation amplitude is small enough. On the contrary, the increase of excitation amplitude may yield the jump phenomenon, a typical nonlinear phenomenon. In fact, the jumping phenomenon is a consequence of the multivaluedness of the response curves in the resonance regions. Based on the modal functions via eight-order Galerkin method, Fig. 5 draws the instability boundaries in the first two resonances versus detuning parameter, where the system parameters are exactly the same as Fig. 1 . The instability boundaries are represented by the dotted lines, and the frequency-responses are represented by the solid lines. With the given system parameters, Fig. 5 illustrated that there is a jump phenomenon in the first resonance, while this nonlinear phenomenon does not exist in the second resonance.
Based on the modal functions via eight-order Galerkin method, the effects of system parameters on the instability boundaries in the first two resonances are displayed in Figs. 6 and 7 , where the axial speed c ¼ 4.0 and the flexural stiffness k f ¼ 0.8. Figure 6 depicts the effects of the viscoelastic coefficient on the instability boundaries with the nonlinear coefficient k 1 ¼ 100 and the viscosity a ¼ 0.0001, a ¼ 0.0002, a ¼ 0.0003. It is remarked that the areas of the instability fields in the first two resonances decrease with the dynamic viscosity, which is an important reason why a jump phenomenon fades out with the greater viscosity. In Fig. 7 , the viscoelastic coefficient a ¼ 0.0001 with the nonlinear coefficient
With the increases of k 1 , the areas of instability fields in the first two resonances include smaller response amplitude. As a result, a jump phenomenon will occur if the excitation amplitude or the nonlinear coefficient increases enough.
Finite Difference Method
Stable steady-state response of forced vibration for a transporting viscoelastic beam in the supercritical speed range can be determined by solving governing Eq. (6) numerically. In the following, the finite difference method [31] is applied to calculate the response amplitude.
Introduce the L Â T equispaced mesh grid with space step h and time step s 
where ). The numerical results demonstrate that a response depending on initial conditions occurs at the beginning phase, then the transition appears, and finally a steady-state response forms. The stable steady-state responses considered here are not sensitive to initial conditions. Considering the transformation Eq. (8), a frequency-response curve can be transformed into the detuning-response one. The comparisons of results via the multiple scales method and the finite difference method for different load amplitudes, nonlinear coefficients, viscoelastic coefficients, flexural stiffness, and axial speed are shown in Figs. 8-13 , where the solid lines and the dotted lines represent the supercritical steady-state responses and the instability boundaries from the analytical method, respectively, and the dots represent stable steady-state responses computed by the finite difference method. In Fig. 8, b The numerical results also demonstrate that the response amplitude from both methods almost coincided in the first resonance. There are some differences in the second resonance. Qualitatively, the same tendencies are shown in those figures. As anticipated, a large dynamic viscosity and a small external load diminish the amplitudes of the steady-state periodic responses in the first two resonances.
Under the critical traveling speed, Ding and Chen have shown that steady-state periodic response for a traveling viscoelastic beam with hybrid supports via approximate analytical approach with the differential quadrature scheme confirmation in Ref. [32] . The frequency-response curves in the sub-and supercritical transport speed ranges respectively exhibit hardening-and softeningtype behaviors, and the amplitudes from analytical and numerical methods almost coincided in the first resonance, while there are quantitative differences in the second resonance.
Conclusions
The straight configuration of traveling tensioned beams experiences divergence instability at critical speed. In this case, one must resort to a nonlinear analysis. In the range of velocities greater than the first critical one, the steady-state response of nonlinear forced vibration of a transporting viscoelastic beam excited by the spatially uniform and temporally harmonic vibration of the supporting foundation was studied. The natural frequencies and modes are calculated from the equation with space-dependent coefficients via the Galerkin truncation. Based on the natural frequencies and modes, the relation between the load frequency and the response amplitude are determined via the multiple scales method. The finite difference schemes are developed to verify the approximate analytical results. It is found that:
(1) The numerical results demonstrate that the Galerkin method may be used to obtain the natural frequencies and modes from the equation with space-dependent coefficients, there are steady-state periodic responses in transverse vibration under the periodic transverse loads in the supercritical regime, and the amplitudes from the method of finite difference and the method of combining Galerkin truncation and multiple scales almost coincided in the first resonance. (2) The relation between the response amplitude and the external excitation frequency also reveals that increasing nonlinearity clearly softens the system in the supercritical range. In other words, the effect of the nonlinearity was to bend the curves to the left. (3) Compared with the results of the subcritical beams in Ref.
[31], the steady-state response amplitude under the periodic transverse loads is more sensitive to the dynamic viscosity in the supercritical regime.
Analytical investigations for space-dependent coefficients are rare. The present work enlarges the knowledge of the dynamics of traveling systems in the supercritical speed range. And the present procedure can also be extended to tackle other complex dynamical systems such as rotating plates, rings, shafts, pipes conveying fluid, and buckled beams. 
